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1. Introduction
In the 1920s, J. Nielsen conjectured that for any homeomorphism f : M → M of a closed surface M there exists a map g ,
isotopic to f , so that g has exactly N( f ) = N(g) ﬁxed points. Here, N( f ) is now known as the Nielsen number of f . For
selfmaps of manifolds of dimension at least 3, this homotopy invariant is a sharp lower bound for the minimal number of
ﬁxed points in the homotopy class of f (see e.g. [3]). This conjecture for surface automorphisms was proven by Jiang [4],
Ivanov [2], and Jiang and Guo [5] using the Nielsen–Thurston classiﬁcation of surface homeomorphisms. The Nielsen con-
jecture has been proven for homeomorphisms of manifolds of dimension greater than or equal to 5 [7], and for orientation
preserving homeomorphisms of a large class of closed orientable 3-manifolds including (after Thurston’s geometrization
theorem) irreducible 3-manifolds [6]. In [8], M. Kelly gave algorithms for computing N( f ) for homeomorphisms of Seifert
manifolds. According to Thurston’s geometrization theorem, six of the eight geometries contain Seifert manifolds and the re-
maining two classes are the hyperbolic manifolds modeled on H3 and the Sol 3-manifolds modeled on the Lie group Sol. For
orientable closed 3-manifolds with Sol-geometry, [6, Proposition 7.5] shows that orientation preserving homeomorphisms
have zero Nielsen numbers. Their proof is based on the fact that such a manifold admits a ﬁbration over 1-orbifolds.
Recall that if M has Sol-geometry then either M is a torus bundle over S1 where the gluing map is hyperbolic, i.e.,
the gluing map has real eigenvalues different from ±1 or M is a sapphire (or equivalently a torus semi-bundle) which
admits Sol-geometry (see e.g. Theorem 2.1 of [9]). From K. Morimoto [10], a sapphire is the union of two orientable twisted
I-bundles over the Klein bottle. In particular, a presentation for the fundamental group of a sapphire is given as follows.
For i = 1,2, let Ki I be two copies of the orientable twisted I-bundles over the Klein bottle with π1(∂Ki I) ∼=
〈αi, βi | αiβi = βiαi〉. Let A =
( r s
t u
)
be an element of GL2(Z) and φ : ∂K2 I → ∂K1 I be a homeomorphism that induces
isomorphism A = φ∗ : π1(∂K2 I) → π1(∂K1 I) so that φ∗(α2) = rα1 + sβ1 and φ∗(β2) = tα1 + uβ1.
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3730 D. Gonçalves, P. Wong / Topology and its Applications 159 (2012) 3729–3737Using φ, we obtain a closed orientable 3-manifold Nφ = K1 I ∪φ K2 I , called a sapphire. Furthermore,
π1(Nφ) ∼=
〈
a1,b1,a2
∣∣ a1b1a−11 = b−11 , a22 = a2r1 bs1, a2a2t1 bu1a−12 = b−u1 a−2t1 〉. (1.1)
This work was motivated by an attempt to compute the Nielsen number of a self homeomorphism of a Sol 3-manifold
using elementary techniques without invoking the use of orbifolds. Only basic techniques of ﬁber spaces, covering spaces,
and group presentations are needed. In fact, these elementary techniques also allow us to compute the Nielsen number of
arbitrary maps of Sol 3-manifolds. As a byproduct, we give a more precise description of sapphire spaces supporting Sol-
geometry (see Proposition 3.2 and Lemma 3.3) using algebraic techniques. In Section 2, we determine the Nielsen numbers
ﬁrst for homeomorphisms and then for selfmaps of torus bundles over S1 with hyperbolic gluing map. In Section 3, we turn
our attention to selfmaps of sapphire spaces. In Section 4, we discuss the Reidemeister numbers of self homeomorphisms
and the R∞ property for the fundamental group of a Sol 3-manifold.
2. Nielsen numbers on torus bundles over S1
Let M be a torus bundle over S1 so that π1(M) ∼= Z2 A Z where A is hyperbolic. We ﬁrst show that the normal
subgroup Z2 is fully-invariant.
Lemma 2.1. Let G = Z2 A Z be the semi-direct product where A is a 2 × 2 matrix with det A = ±1 and has two distinct real
eigenvalues different from ±1. Then the subgroup Z2 is fully-invariant.
Proof. Since G is a semi-direct product, G has a presentation given by
G = 〈x, y, t ∣∣ xy = yx, txt−1 = Ax, tyt−1 = Ay〉,
where x, y generate Z2 and t generates the quotient Z. Every element in G is uniquely written in the form xα yβtγ . Since
Ax, Ay ∈ 〈x, y | xy = yx〉, it is easy to see that every commutator is a word in x and y for the exponents of t are canceled.
Thus, the commutator subgroup [G,G] ⊆ Z2. Also from the deﬁnition of the subgroup [G,G] and the deﬁnition of the
group G that [G,G] coincides with the image of the homomorphism I − A : Z2 → Z2. Since A has real eigenvalues different
from ±1, it follows that [G,G] has ﬁnite index in Z2 because det(I − A) = 0. Since [G,G] is fully-invariant, we claim that Z2
is also fully-invariant. Let φ : G → G be any endomorphism and z ∈ Z2. Then φ(z) = (z1, tr) ∈ Z2 A Z. There is an integer k
such that k · z ∈ [G,G]. Note that φ(k · z) = (z2, tkr) ∈ Z2. Therefore kr = 0 and it follows that r = 0 and the result follows. In
fact, when det A = 1, we have [G,G] = Z2. 
Following Lemma 2.1, for any f : M → M , we may assume without loss of generality that f is ﬁber-preserving so that
the following diagram is commutative:
T 2
f ′
M
f
S1
f
T 2 M S1.
(2.1)
Now, f ′ = B =
(m n
p q
)
and let A = ( a cb d ).
First, we compute the Nielsen number for homeomorphisms.
Theorem 2.2. Let M be a torus bundle over S1 with hyperbolic gluing map and f : M → M be a homeomorphism. Then either
N( f ) = 0 or N( f ) = 4.
Proof. Case 1. Suppose det A = 1. It follows from Theorem 3.3 of [1] that if B A = A−1B then B is of the form
B =
(
m n
p −m
)
and cp = −bn +m(d − a). Moreover, det(I − B) = 1−m2 − np = 1+ det B . Note that B̂ A = A−1 B̂ where B̂ = AB so that
B̂ =
(
m̂ n̂
p̂ −m̂
)
.
It follows that det(I − B̂) = det(I − AB) = 1+det B̂ = 1+det B . Thus, if f induces −id on π1(S1) then f has two ﬁxed point
classes [1] and [−1]. Then the ﬁbers f ′[1] and f ′[−1] induce the matrices B and B̂ respectively such that N( f ′[1]) = N( f ′[−1]) =
0 or 2. Thus, N( f ) = 4 exactly when B A = A−1B holds and det B = 1. Otherwise, N( f ) = 0.
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B A = A−1B . In other words, f must induce the identity homomorphism on π1(S1). It follows that N( f ) = 0. 
Next, we consider general selfmaps f : M → M . Let k = deg f .
Theorem 2.3. Suppose k = ±1. Then N( f ) = |k − 1|.
Proof. The commutative diagram (2.1) implies that B A = AkB . Since A is hyperbolic, there exists P ∈ GL2(R) such that
P AP−1 = A =
(
λ1 0
0 λ2
)
.
Let B = (P B P−1)A. It follows that
B A = AkB. (2.2)
Write
B =
(
x w
y z
)
.
Then (2.2) becomes(
xλ1 wλ2
yλ1 zλ2
)
=
(
xλ1k wλ1k
yλ2k zλ2k
)
. (2.3)
Since λ1λ2 = det A = ±1, it follows that x = 0 = z. Moreover, λ2 = ± 1λ1 . It is straightforward to see that w = 0 = y since
λk+11 = ±1 = λk+12 . Thus, we conclude that
B =
(
0 0
0 0
)
.
It follows that L( f ′) = 1. In other words, every ﬁber has exactly one essential ﬁxed point class. No two of them can be
Nielsen equivalent for if they do, their projections on S1 would have to be Nielsen equivalent, contradicting that the fact
that f ′ has exactly |k − 1| essential ﬁxed point classes. Now we conclude that N( f ) = |k − 1|. 
Theorem 2.4. Suppose k = 1. Then N( f ) = 0. If k = −1, then we have two cases: (i) if det A = 1, then N( f ) = 2|1 + det B|; (ii) if
det A = −1, then
N( f ) = |1+ det B| + ∣∣1− 2(bn− am) − det B∣∣.
Proof. Suppose k = 1. Then the map f is homotopic to the identity 1S1 and hence is homotopic to be ﬁxed point free. It is
easy to see that N( f ) = 0.
Suppose k = −1 and det A = 1. As in Case 1 in the proof of Theorem 2.2, B = (m np −m ). It follows that det(I − B) =
1−m2 − pn = 1+ det B . A similar calculation shows that det(I − AB) = 1+ det B . Hence, N( f ) = 2|1+ det B|.
Suppose k = −1 and det A = −1. By [11, Lemma 1.4], the trace Tr(A) = a + d = 0 otherwise A would be conjugate to a
matrix with eigenvalues ±1. Now a + d = 0, the matrix equation B A = A−1B implies that B = (m np −m ) so that det(I − B) =
1+ det B . Now, a straightforward calculation shows that
det(I − AB) = 1− 2bn − 2am − det B.
It follows that
N( f ) = ∣∣det(I − B)∣∣+ ∣∣det(I − AB)∣∣
= |1+ det B| + |1− 2bn− 2am − det B|.  (2.4)
Remark 2.1. While the computation of N( f ) is complete as in Theorems 2.3 and 2.4, it is not clear what the set n(M) :=
{N( f ) | f : M → M} is for any given Sol 3-manifold M that is a torus bundle over S1.
In the case when det A = 1, the torus bundle M is orientable so we have the following
Corollary 2.5. For any selfmap f : M → M on an orientable torus bundle over S1 with Sol-geometry, we have N( f ) = 0 if k = 1,
N( f ) = 2|1+ det B| if k = −1 and N( f ) = |k − 1| if k = ±1.
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Let Nφ be a sapphire space that is not a torus bundle over S1. Then G = π1(Nφ) has a presentation given by (1.1). It
follows from [12] that Nφ admits Sol-geometry if and only if detφ∗ = ±1 and ruts = 0 where φ∗ = A =
( r s
t u
)
.
Consider the subgroup L of G generated by x = a21, y = b1, and v = a−11 a2. The subgroup L is a normal subgroup of
index 2 for L = Kerη where η : G → Z2 = 〈a¯1 | a¯12 = 1〉 is deﬁned by a1 → a¯1, a2 → a¯1, b1 → 1.
Lemma 3.1. Suppose Nφ has Sol-geometry. Then
L ∼= Z2 θ Z
where θ is induced by an Anosov map, that is, det θ(1) = 1 and |Tr θ(1)| > 2.
Proof. We will show that L is the fundamental group of a torus bundle over S1 with an Anosov gluing map. Here, Z2 will
be the subgroup 〈x, y〉 generated by x and y and the quotient Z is the group generated by v .
First,
xy = a21b1 = a1(a1b1) = a1b1−1a1 = a1b1−1a1−1a12 = b1a12 = yx.
Since x = a21 and y = b1, we have
a1xa
−1
1 = x, a1 ya−11 = y−1.
In G , a22 = a2r1 bs1 = xr ys so a2u2 = xru ysu . Now the relation a2a2t1 bu1a−12 = b−u1 a−2t1 becomes a2xt yua−12 = y−ux−t . It follows
that
a2x
ts ysua−12 =
(
a2x
t yua−12
)s
= (y−ux−t)s = y−sux−ts.
Since Nφ has Sol-geometry, it follows that det A = ru − ts = 1 and we have(
a2x
ts ysua−12
)
a2u2 =
(
y−sux−ts
)
xru ysu = xru−ts = x
and hence
a2xa
−1
2 = a22xts ysua2(u−1)2
= xr ysxts ysu(xr ys)(u−1)
= xru+ts y2su .
A similar argument shows that
a2 ya
−1
2 = x−2rt y−ru−ts.
Now
vxv−1 = a−11 a2xa−12 a1
= a−11 xru+ts y2sua1
= xru+ts y−2su,
and
vyv−1 = a−11 a2 ya−12 a1
= a−11 x−2rt y−ru−tsa1
= x−2rt yru+ts.
Thus, L is the mapping torus 〈x, y | xy = yx〉θ 〈v〉 where θ : Z→ Aut(Z2) is given by the matrix
θ(1) =
(
ru + ts −2rt
−2su ru + ts
)
. (3.1)
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to ruts = 0. Since ts = 0, it follows that ts = 1 or |ts| > 1. This means |Tr θ(1)| = 2|ru+ ts| = 2|1+ 2ts| > 2. This implies that
θ is induced by an Anosov diffeomorphism on T 2. 
Therefore, if Nφ is a sapphire with Sol-geometry and is not a torus bundle over S1, then its fundamental group G has an
index 2 subgroup L which is the fundamental group of an orientable 3-manifold M such that M is a torus bundle over S1
with an Anosov gluing map. In other words, we have the following
Proposition 3.2. Every sapphire space with Sol-geometry is doubly-covered by a torus bundle over S1 with Anosov gluing map.
Remark 3.1. Proposition 3.2 gives a precise and explicit description of sapphire spaces with Sol-geometry. This result can be
obtained by [12, Lemma 2.8] together with the remarks made on [12, p. 143]. It should be noted that the arguments in [12]
are geometric while ours are purely algebraic. Furthermore, we show that L is indeed fully-invariant in the next result.
Lemma 3.3. The subgroup L is fully-invariant in G, that is, for any endomorphism ϕ : G → G,ϕ(L) ⊆ L.
Proof. First, we write L ∼= H θ Z where H = 〈x, y | xy = yx〉. Note that H is normal in G . Consider the map
π : G → 〈a¯1, a¯2 ∣∣ a¯12 = 1 = a¯22〉
given by a1 → a¯1, a2 → a¯2, b1 → 1. It is easy to see that H = Kerπ and
G/H ∼= 〈a¯1, a¯2 ∣∣ a¯12 = 1 = a¯22〉∼= Z2 ∗Z2
∼= ZZ2
∼= 〈a¯1−1a¯2〉 〈a¯1 ∣∣ a¯12 = 1〉.
It follows that π−1(〈a¯1−1a¯2〉) ∼= L.
Every element w ∈ G is of the form w = xm ynv if w ∈ L or w = a1xm ynv if w ∈ G − L. Let ϕ ∈ End(G) be an endomor-
phism. Suppose ϕ(a1) = aδ1xA yB vα where δ ∈ {0,1}. Then,
η
(
ϕ(x)
)= η((aδ1xA yB vα)2)= a¯2δ1 = 1.
Thus, ϕ(x) ∈ L. Write ϕ(x) = xm ynvq . Suppose ϕ(y) = a1xM yN v . Since xy = yx, we have ϕ(x)ϕ(y) = ϕ(y)ϕ(x). Note that
va1 = a−11 a2a1 = a−11 a22a−12 a1 = a−11 a2r1 bs1v−1 = a1xr−1 ysv−1.
Case (i):  = 1.
On the one hand, we have
ϕ(x)ϕ(y) = xm ynvqa1xM yN v
= xm yna1
(
xr−1 ysv−1
)q
xM yN v
= a1w1v−q for some word w1 in x, y.
On the other hand, we have
ϕ(y)ϕ(x) = a1xM yN vxm ynvq
= a1w2v+q for some word w2 in x, y.
Equating the exponents of v , we have q = 0.
Case (ii):  = 0.
Suppose ϕ(v) = a1xA yB vC . Since vx = xru+ts y−2su v , we have
ϕ(vx) = a1xA yB vC xm ynvq = a1w1vC+q (for some word w1 in x, y)
= (xm ynvq)ru+ts(xM yN v)−2sua1xA yB vC = ϕ(xru+ts y−2su v)
= a1w2vC+2su−q(ru+ts) (for some word w2 in x, y).
It follows that
C + q = C + 2su − q(ru + ts) ⇒ q(1+ ru + ts) = 2su ⇒ qr = s (3.2)
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ϕ(vy) = a1xA yB vC xM yN v = a1w3vC+ (for some word w3 in x, y)
= (xm ynvq)−2rt(xM yN v)ru+tsa1xA yB vC = ϕ(x−2rt yru+ts v)
= a1w4vC+q(2rt)−(ru+ts) (for some word w4 in x, y).
It follows that
C +  = C + q(2rt) − (ru + ts) ⇒ (1+ ru + ts) = q(2rt) ⇒ u = qt (3.3)
since ru − ts = 1 and ruts = 0. Now (3.2) and (3.3) together yields q(ru − ts) = 0 and we conclude that q = 0 = .
Suppose ϕ(v) = xA yB vC . Since vx = xru+ts y−2su v , we have
ϕ(vx) = xA yB vC xm ynvq = w1vC+q (for some word w1 in x, y)
= (xm ynvq)ru+ts(xM yN v)−2suxA yB vC = ϕ(xru+ts y−2su v)
= w2vC−2su+q(ru+ts) (for some word w2 in x, y).
It follows that
C + q = C − 2su + q(ru + ts) ⇒ q(ru + ts − 1) = 2su ⇒ tq = u (3.4)
since ru − ts = 1 and ruts = 0. Similarly, since vy = x−2rt yru+ts v we have
ϕ(vy) = xA yB vC xM yN v = w3vC+ (for some word w3 in x, y)
= (xm ynvq)−2rt(xM yN v)ru+tsxA yB vC = ϕ(x−2rt yru+ts v)
= w4vC−q(2rt)+(ru+ts) (for some word w4 in x, y).
It follows that
C +  = C − q(2rt) + (ru + ts) ⇒ (ru + ts − 1) = 2rtq ⇒ rq = s (3.5)
since ru − ts = 1 and ruts = 0. Now (3.4) and (3.5) together yields q(ru − ts) = 0 and we conclude that q = 0 = .
Hence, ϕ(x) = xm yn . To show that H is fully-invariant in G , it suﬃces to show that if ϕ(y) = a1xM yN v then  = 0.
Now, we let
ϕ(x) = xm yn, ϕ(y) = a1xM yN v, ϕ(v) = aκ1 xA yB vC
where κ ∈ {0,1}. Since ϕ(xy) = ϕ(yx), we have
xm yna1x
M yN v = a1xM yN vxm yn or
a1x
m y−nxM yN v = a1xM yN vxm yn
⇒ vxm ynv− = xm y−n. (3.6)
Since ϕ(vy) = ϕ(x−2rt yru+ts v), it follows that
a1
κ xA yB vCa1x
M yN v = (xm yn)−2rt(a1xM yN v)ru+tsa1κxA yB vC .
The left hand side is of the form a1κ+1wv−C for some word w in x, y. The right hand side becomes a1κ+1 w˜v+C if κ = 0
or a1κ+1 w˜vC− if κ = 1. It follows that
κ = 0 ⇒ C = 0 (3.7)
or
κ = 1 ⇒ C = . (3.8)
Suppose κ = 0. Then (3.7) implies that ϕ(v) = xA yB . Since ϕ(vx) = ϕ(xru+ts y−2su v), we have
xA yBxm yn = (xm yn)ru+ts(a1xM yN v)−2suxA yB
⇒ (a1xM yN v)2su = (xm yn)ru+ts−1 = (xm yn)2ts
⇒ x2ts = y2su
a contradiction, since ruts = 0 and x, y generate Z2.
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a1x
A yB vxm yn = (xm yn)ru+ts(a1xM yN v)−2sua1xA yB v
⇒ xA y−B(a1v)xm yn = (xm yn)ru+ts(a1xM yN v)−2suxA y−B(a1v)
⇒ xA y−B(a1v)xm ynv−a1−1 = (xm yn)ru+ts(a1xM yN v)−2suxA y−B
⇒ xA y−Ba1
(
xm y−n
)
a1
−1 = (xm yn)ru+ts(a1xM yN v)−2suxA y−B by (3.6)
⇒ xA y−B(xm yn)= (xm yn)ru+ts(a1xM yN v)−2suxA y−B
⇒ (a1xM yN v)2su = (xm yn)ru+ts−1 = (xm yn)2ts
⇒ x2ts = y2su
a contradiction, since ruts = 0 and x, y generate Z2.
We now conclude that ϕ(y) cannot take the form of a1xM yN v . The same argument above shows that ϕ(v) = xA yB vC .
Hence, L is fully-invariant and the proof is complete. 
Now that we have shown that L is fully-invariant, we see that there is a ﬁxed point free involution τ on M . Let
τ# : π1(M, x0) → π1(M, τ (x0)) denote the induced homomorphism on fundamental group and λ be a path from τ (x0)
to x0 such that λ−1 covers a loop representing the element a1. Note that the homomorphism τ# induced by the involution
τ is not a self homomorphism because of the based point. However it is involutive, i.e., the square is the identity since τ is
an involution (as a selfmap of the manifold).
We obtain an automorphism τ∗ ∈ Aut(L) of L deﬁned by τ∗ = (λ−1)# ◦ τ#. This automorphism is not involutive but is
given by the 3× 3 array
τ∗ =
[1 0 r − ru − ts
0 −1 s − 2su
0 0 −1
]
(3.9)
where the columns of this array represent the images of the generators x, y and v under the automorphism τ∗ . Note that
the involution τ is orientation preserving. More precisely, τ induces
( 1 0
0 −1
)
on the ﬁber T 2 and induces −id on the base S1.
For homeomorphisms, we have the following result.
Theorem 3.4. Let Nφ be a sapphire space that is not a torus bundle over S1 . If Nφ supports Sol-geometry, then for every self homeo-
morphism f : Nφ → Nφ , N( f ) = 0.
Proof. The space Nφ is doubly-covered by a torus bundle over S1, called M , that has Anosov gluing map. The fundamental
group L = π1(M) is characteristic in G = π1(Nφ), by Lemma 3.3. If f : Nφ → Nφ is a self homeomorphism, then it can be
lifted to f1, τ∗ f1 : M → M . Following [12, Theorem 4.2], it is straightforward to see that there is no degree −1 selfmap of
Nφ and thus deg f = deg f1 = 1. Without loss of generality, we may assume that f1 is ﬁber-preserving as in (2.1). If f1
induces identity on π1(S1) then f1 is homotopic to the identity and thus f1 can be deformed to be ﬁxed point free while
the other lift τ∗ f1 induces −id on π1(S1). Conversely, if f 1 induces −id then τ∗ f1 is homotopic to the identity map on S1.
Without loss of generality we suppose that f1 induces −id on π1(S1). In this case, the Nielsen number N(τ∗ f1) = 0 and
for the lift f1, we are in the situation as in Case 1 in the proof of Theorem 2.2. It follows that we only need to determine
det(I−B) where B is the matrix induced by the restriction of f1 on the torus ﬁber over the ﬁxed point (class) [1] in S1. Note
that |det(I − B)| = |L( f1|[1])| and L( f1) = L( f1|[1]) · L( f1) since the bundle structure of M over S1 is orientable. We claim
that det(I − B) = 0 because L( f1) = 0 and L( f1) = 2. To see this, we note that Nϕ is orientable and H1(Nφ;Z) is ﬁnite. Thus,
H2(Nφ;Q) = 0 = H1(Nφ;Q). It follows that the Lefschetz number L( f ) = 1 − deg f = 0. Now L( f ) = 0 = L(τ∗ f1) implies
that the lift f1 must also have L( f1) = 0. Therefore, we conclude that N( f ) = 0. 
Remark 3.2. Theorem 3.4 can be deduced from the work of [6] and [12]. Since Nφ is orientable and by [12], every self
homeomorphism is of degree 1 and hence orientation preserving, it follows from [6] that N( f ) = 0.
Given a sapphire space Nφ , there is a 2-fold cover M that is an orientable torus bundle over S1 with π1(M) = L. Since L
is fully-invariant, it follows that every selfmap f : Nφ → Nφ can be lifted to M . Let f1 and τ∗ f1 be the two lifts of f . Now
f1 and τ∗ f1 are selfmaps of M . It is easy to see that if f1 induces f 1 on S1 with degree k = deg f1, then τ∗ f1 induces τ∗ f1
on S1 with degree −k = degτ∗ f1. Moreover, N( f ) is the average of N( f1) and N(τ∗ f1), i.e., N( f ) = N( f1)+N(τ∗ f1) .2
3736 D. Gonçalves, P. Wong / Topology and its Applications 159 (2012) 3729–3737Therefore, we have the following result.
Theorem 3.5. Let Nφ be a sapphire space that is not a torus bundle over S1 . Suppose Nφ supports Sol-geometry, then for every selfmap
f : Nφ → Nφ , let f1 : M → M be a lift to the torus bundle M which is a two fold cover of Nφ . Then deg f1 = k ∈ {0,±1}. Further we
have
N( f ) =
{
2|1+ det B|, if deg f1 = k = ±1 where B = f1′,
1, if k = 0.
Proof. Let f1 : M → M be a lift of f to the torus bundle M which is the double covering of Nφ given by Proposition 3.2. If
deg f1 /∈ {±1} then by the proof of Theorem 2.3, the matrix of f1 restricted to the torus is trivial. This means that f1# : L → L
satisﬁes f1#(x) = f#(a21) = 1 and f1#(y) = f#(b1) = 1, which implies f#(a1) = f#(b1) = 1. From the relation a22 = a2r1 bs1, it
follows that f#(a22) = 1 which implies that f#(a2) = 1 and thus deg f1 = 0. This proof the ﬁrst part, i.e., deg f1 = k ∈ {0,±1}
and also when deg f1 = 0, the map f is homotopic to the constant and thus N( f ) = 1. It remains to consider the cases
where k = ±1.
Since we have N( f ) = N( f1)+N(τ∗ f1)2 , it follows from Corollary 2.5 that N( f1) = N(τ∗ f1) = 2|1+ det B| if k = deg f1 = ±1.
In this case, N( f ) = 2|1+ det B|. So the result follows. 
Remark 3.3. While the computation of N( f ) is complete as in Theorem 3.5, it is not clear what the set n(M) :=
{N( f ) | f : M → M} is for any given Sol 3-manifold M which is not a torus bundle over S1. Nevertheless we believe
that N( f ) = 0 for any map other than the constant map.
4. Reidemeister numbers and R∞ property
Let f : M → M be a map and ϕ = f be the induced homomorphism on π1(M). Then the Reidemeister number R( f ) is
equal to R(ϕ), the number of ϕ-twisted conjugacy classes in π = π1(M). Note that R( f ) is independent of the choice of
the basepoint. A group G is said to have property R∞ if for all ϕ ∈ Aut(G), R(ϕ) = ∞. Similarly, we say that a compact
manifold M has property R∞ if for every self homeomorphism f : M → M , R( f ) = ∞.
We now describe the Reidemeister number of self homeomorphisms of a Sol 3-manifold. We begin with the sapphire
spaces.
Theorem 4.1. Let Nφ be a sapphire space that is not a torus bundle over S1 . If Nφ supports Sol-geometry, then for every self homeo-
morphism f : Nφ → Nφ , R( f ) = ∞. Thus sapphire spaces with Sol-geometry that are not torus bundle over S1 have the R∞ property.
Proof. The proof follows from the proof of Theorem 3.4. More precisely, the lifts f1 and τ∗ f1 to the double covering M
have inﬁnite Reidemeister numbers. To see this, ﬁrst we may assume that f1 is the lift where f 1 induces −id on the
fundamental group of the base S1. Note that L( f1|[1]) = 0 and f1|[1] is a homeomorphism of the 2-torus. Since f1 : M → M
is ﬁber-preserving with L( f 1) = 2, the Reidemeister classes of f1|[1] inject into the set of Reidemeister classes of f1. On the
2-torus, L( f1|[1]) = 0 ⇔ R( f1|[1]) = ∞. Hence R( f1) = ∞. Since M is a ﬁnite cover of Nφ , it follows that R( f ) = ∞. 
Now we turn to the case where the Sol manifold is a torus bundle over S1. This class is more interesting. From Theo-
rem 2.2, we know that the only possibility for the Nielsen number is N( f ) = 0 or N( f ) = 4. We observe that the possibility
N( f ) = 0 always happens by taking f to be the identity map. Thus the set of values of the Nielsen numbers for all homeo-
morphisms f of a given manifold M as in Theorem 2.2 is either {0} or {0,4}.
Theorem 4.2. Let M be a torus bundle over S1 with hyperbolic gluing map and f : M → M be a homeomorphism. Then R( f ) = ∞
or R( f ) = 4. Thus, the set of values of the Reidemeister number for all homeomorphisms f of a given manifold M as in Theorem 2.2 is
either {∞} or {∞,4}.
Proof. The proof follows from the proof of Theorem 2.2. More precisely, in Case 1, if the Nielsen number is zero we have
an inﬁnite number of Reidemeister classes over each of the two Reidemeister classes of the base. Otherwise there are 2
Reidemeister classes over each of the two Reidemeister classes of the base. Thus the Reidemeister number is always 4 or
inﬁnity. Since the Reidemeister number of the identity is always ∞, the result follows. 
Remark 4.1. The ﬁrst example of manifolds which do not have the R∞ property was given in [1]. The full classiﬁcation
of such torus bundle which does not have the R∞ property, so the set of Reidemeister numbers which occur is precisely
{∞,4}, can be obtained using number theoretic techniques in solving a matrix equation over the integers associated with
the gluing matrix of the torus bundle (see [11, Lemma 1.7 (3)]). Also we observe that once we know the existence of a
homeomorphism such that N( f ) = R( f ) = 4, then all the other homeomorphism with this property can be determined. See
[11, Lemma 1.7 (1)].
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